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SUMMARY

The one-dimensional random wave propagation problem is analyzed. The medium is assumed to be characterized by
astationary index of refraction of the white-Gaussian process. By considering the initial value equation for the boundary
value stochastic Green’s function, the Fokker—Planck equation for the density function of the amplitude and phase of
the reflected wave is constructed. By employing an averaging theorem due to Khas’minskii, the mean power reflected
and transmitted is obtained.

1. Introduction

In this paper we shall examine the propagation of scalar waves through a one-dimensional
random medium, the medium being characterized by a stationary index of refraction of the
white-Gaussian type. We shall assume the wave field to be harmonically time dependent. We
shall obtain expressions which would determine the scattering properties of the refracting
medium, and in particular, the mean power reflected and transmitted. The formulation shall
be carried out by constructing the Fokker-Planck equation from the appropriate initial value
equations for the density function of the amplitude and phase of the wave field, and then apply
a theorem of Khas’minskii for the limit behavior of the solution of a parabolic equation whose
coefficients oscillate rapidly [1].

The beginning of our analysis will be based on results obtained in [2] and [3] in which the
boundary value problem for the scattering region has been transformed into a Cauchy type
mitial value problem for the random boundary values of the Green’s function. The idea of
transforming the boundary value problem into an initial value problem and proceeding to
the Fokker—Planck equation was motivated by [4], [5]. One of the main aims in this paper is
to elucidate the applicability of this approach to stochastic boundary value problems and
apply the averaging theorem.

The propagation of waves through random media has been examined by various approaches
in [3, 6-10], the latter differing from the first five in that the media is considered discrete instead
of continuous. The work in [8] is closely related to our work in that use is made of another
theorem of Khas’minskii for the limiting solutions of stochastic differential equations with a
small parameter [11], [12]. Ours is a more restricted problem in that in the latter work the
solutions obtained are for a broader class of random media.

2. Statement of the problem-

Let a plane scalar wave propagate in the region x >1 onto a bounded random medium
contained in [0, 4]. For time harmonic dependence e ™'“* of the wave field w(x), it follows that
w(x) satisfies the equation

L{w] =w'(x)+k*(x)w(x)=0, —w<x< 0, (1)
where the index of refraction k?*(x) is given by

k%a x<0,
kz(x)={k%(1+ﬁv(x;u)), 0<x<i, @
k(z)’ x>A,
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and B is a parameter defining the strength of the fluctuations in the scattering region. y(x; y),
we £, is a real valued stochastic process defined on the probability space (£, S, P). Both w and
w . are continuous across the boundaries x=0 and x = /. These continuity conditions together
with Eqns. (1) and (2) constitute the appropriate boundary value problem.
Let e >~ 4 represent the incident wave in x > 1. By utilizing the radiation condition for
|x|— o0, we can write the solutions outside of the scattering region as
w(x; p) = e AL R(A; et x> 4, (3a)
w(x; p)=T(L; p)e *ox, x<0. (3b)
where R and T are the reflected and transmitted amplitudes, respectively. They are complex
valued random functions whose statistics we wish to determine. Due to continuity across the
boundaries, the solution is almost surely uniquely determined everywhere for a specified
incoming wave. By employing the continuity conditions for the wave field and Eqns. (3) we can
restate the boundary value problem for the random medium as follows:

L{w]=0, O<x< i, (4)
with the boundary conditions

M[Wlleeo=0, (52)

M*[w]|,=i= —2ik,, (5b)
where M is defined by the operator

M = (% + ko). ©)

and M* is the conjugate complex operator.

Following [3], we can transform the boundary value problem (4)-(5) into a Cauchy type
initial value problem by seeking to examine variations of the boundary value Green’s function
with the domain. The results obtained lead to a set of first order non-linear, coupled stochastic
differential equations of the Riccati type:

oG )

T < 142k Gy~ (6~ K2 () G (7a)

oG .

S8 = ik Gy (G =K (1) Gy, Ga (70)
G

e I (7e)

with the initial conditions

Gu(0)=i/2ky, kI=12, (8)
where G(x, ¢; i) defines the random Green’s function associated with the boundary value
problem (4)—(5); the G,/s, k, I=1, 2, define the boundary values of the domain Green’s function,
ie.,

G, (4) =G4 A,

G12(A) =G0, 4) = G4 0) = Gy, (4), ©)

G,,(4) = G(0,0),
and the wave field is related to G(x, ¢; p) by the relationship

wx, A; p) = —2ikoG(4, x5 1) . (10)

In ordér to determine the complete statistical characteristics of R and T, we need determine
the probabilistic solutions for G,, and G,,. As we are mainly interested in the mean power
reflected and transmitted, by the conservation of energy, a knowledge of the mean-power
reflected uniquely determines the mean power transmitted and consequently, we need only
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calculate the probabilistic nature of G, ,. We shall, therefore, concentrate only on the solution
associated with Eqns. (7a) and (8).

By the continuity of the wave field across x= 4, and by the use of Eqns. (3a) and (10) it follows
that

—2ik,G = 1+R, (11)

where we have dropped the subscript of G,,. Substituting Eqn. (11) into Eqns. (7a) and (8)
implies the equation for the reflected amplitude, namely,

%1; = 2ikoR + ﬂ%(iﬂ (1+R)* (12)
with the initial condition

R(0)=0. (13)
It is convenient to let

R(A; u)=r(A; p)e'os» 0grs1, 050K 2n, (14)

so as to obtain equations in the real random variables r and 6. Upon substituting Eqn. (14)
into Eqn. (12), adding and subtracting conjugate complex equations, we arrive at the following
two stochastic equations for the magnitude and the phase of the reflected amplitude, respec-
tively:

% = W (1—r?)sin (P +2ky A), (15a)

0 kov(4; 1472 .

g% = p V; H [2 + ( +rr )cos(¢+2k0A)] (15Yb)
where

¢ =0—-2kyA. : (16)

Equations (15a) and (15b) constitute the appropriate differential equations from which the
Fokker—Planck equation, or Kolmogorov’s forward equation can be constructed for an
appropriate process y(4; u). We should note that these equations are valid for arbitrary
stochastic processes y(4; u) and that the fluctuations in the field need not be small.

3. Fokker-Planck’s equation and the averaged equation
Let us construct the equation for the conservation of probability when y(4; p) is a white-

Gaussian process and when the fluctuations about the mean of the random scattering medium
are considered small, i.e., choose

E{ ()} =0, | a7
q E{y(21)7(42)} = 020(2,~ 45) 5
p=e<l, (18)

where E{-} defines taking the expected values, ie., E{'} = [, { }dP(u).

The process y(4; p)is delta-correlated, and therefore, is not mean-square Riemann integrable.
Consequently, we need consider Eqns. (15a) and (15b) in the Itd sense [13]. Since the white-
Gaussian process is the formal derivative of the Wiener process (or Brownian motion), i.e.
y(A)~ dB(4)/dA we may write Eqns. (15) in the equivalent form of

dr = E;O (1—=r?)sin(¢p+2k,A)dB(4), (19a)
d¢p = f-’;—" [2 + gl—irr—z) cos (¢+ 2k0,1)} dB(4), (19b)
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where the Wiener process has mcun zero and
E{B(ll)B(/%Z)} = 0-2 min (;tlﬂ /%2) » ila ’12 >0 > (20)

and its sample functions are continuous with probability one and are of unbounded variation
with probability one.

Suppose now we consider an auxiliary system of stochastic differential equations such that
their limiting solutions when a certain parameter approaches zero tend to the solutions of
Eqns. (19a) and (19b). We consider this auxiliary system because Eqns. (19a) and (19b) lead to a
diffusion operator some of whose coefficients are not uniformly continuous for A—0, in which
case Khas’minskii’s averaging theorem is not applicable. In particular, let

ek .
drg = "70 (1—"(23)) sin (¢ )+ 2k 4)dB(4) (21a)
ek (1+7r5) ,
d »:m‘?[z SRS o+ 2k MJZBX, 21
P 3 + (ry+9) cos (¢ +2ko 2) | dB(4) (21b)

where 6 0 varies through the bounded parameter set 4. In addition, we will assume for the
initial conditions that r;(0)=r(0) and ¢, (0)=¢(0). By studying the dependence of the
solutions 5 (4) and ¢ (4) on the parameter 6, it can be shown [14] that r; and ¢, are con-
tinuous in mean-square with respect to d (certain conditions need be satisfied), and moreover,

tim sup E{[ro,(2)~r ()1} =0,
(l,ijl(l) Slip E {[‘j’(é)(’l)_d)(’l)]z} = 0.

Similar results hold for the differentiability of r; and ¢, with respect to the parameter 6.
This continuous dependence of the solutions on d shall be exploited to obtain the appropriate
averaged diffusion operator associated with Eqns. (19a) and (19b).
The Fokker-Planck equation associated with the auxiliary system can now be written down
immediately as:
oPO(r, ¢, A
PLAD _ gipo), )
where %, is the forward diffusion operator associated with the Markov processes r,(4; 1)
and ¢, (A; ) which are generated by the It6 type equations (21a) and (21b):
20 = S8 a6, o (B ] + A [C 9T ) (2
@) 8 crs e ordo op
where
A(r, ¢, A) = (1—r?)? sin*(p+2ko 1) ,

B(r. . 2) = 2(1—r?) sin(¢+ 2k, /) [3 + ((1]:;2)) cos (¢ + 2k, /1)] : (24)
Cir, . 7) = [: + %{:T)) cos(gb—i-z/\",))l'; ‘

In Eqns. (22), (23) and (24), we have suppressed the subscript 6 on r and ¢. For the application
of the averaging principle, it is convenient to write Eqn. (22) in the following form:

oPY  gkio?

5 S (AP® + BPY) + CP{) +DP? + EPY + FP?), (25)
where

D=24,+B,,

E=B,+2C,, (26)

F=A,+By+Cpy -
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Let us now consider the principle of averaging for the solution of the Cauchy problem [1]
in a convenient form for our use. We remark first that the theorem itself is a study of the limit
behavior of the diffusion equation whose coefficients oscillate rapidly. We can see this by
setting s=¢>4 in Eqn. (25), in which case, all the coefficients become functions of ¢~ %s, for
example, A=A(r, ¢, & *s), etc,, and then we ask for the limiting solution as ¢—0.

Let I, =(0, L). We shall consider the following equation in the region D x I, where D=
{(x1,%,):x,€[0, 1], x,€(— 0, 2xr]}:

oP z *P 2 oP

5= & LJZ:I (%, 4) Py o, -+ Zl b;(%, 4) ax, + ¢(x, A)P+d(X, /1)}, (27)
where X=(x, x,). In addition, we shall assume that the following conditions are satisfied by
the coefficients of the Eqn. (27):

(i) lla;ll is non-negative definite in (X, A)eD x1,,. a;;, b, ¢ and d are continuous in its
arguments, are bounded for 4 >0 and are sufficiently smooth so that a solution to Eqn. (27)
exists (¢ >0).

(ii) a;;, b, c and d are uniformly continuous in X in (X, A)eD x I,

(iii) the limits of the means* with respect to 4 as A— oo exists for al j» bi» ¢ and d, uniformly in
xeD.

(iv) a solution to the following averaged equation exists:

2 2

2 6 _.. OP

=1 i

+ {e(x)) P+d(x)) . (28)

Khas’'minskii’s theorem states:

Let conditions (i}-(iv) be satisfied and let P (X, 1) be the solution of Eqn. (27) in the region D x I ;,2,
satisfying the condition
lim P,(x, )= F(X), (29)
A Lje?
where F (%) is a continuous bounded function in D. Furthermore, let P (X, 1) be a solution of Eqn. (28)
in the region D x I, satisfying P(X, L)=F (). Then

lim sup 1P( /l - P(x,4)|=0. (30
g0 (X, eDx
We can now apply the above theorem to the solution of Eqn. (25). Let 6 >0. The only
condition not satisfied due to a degeneracy of the matrix || g, is the first part of (i). We overcome
this problem by introducing into a;;, j=1 or 2, a sufficiently smooth and rapidly oscillating
function (1), such that it satisfies the conditions: (i) (y> =0, and (ii) a;;(X, A)+ oy (A) Z a* >0,
@ >0 a parameter, and hence [|a;;| positive definite. In such a way all the conditions are met.
The proof for this is not complicated and will not be dealt with here, as we are more interested
in obtaining the statistical properties of the wave. We now average Eqn. (25) with PY (associated
with a;;+ o, j=1 or 2) and exploit the continuous dependence of P on o to obtain PY— P,
Performing the analysis leads to the equation

P a,pp. 61

where (%, (-)> denotes the averaged marginal generator in Eqn. (28) involving r only, and
is given by

62
()= 5 (1= ()] (32)
* The limit of the mean is dclined by

(g(®)> = lim ljlv (% A)di .

L—ox
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and
k3o’
T

In deriving Eqn. (32), we have integrated out from the generator in Eqn. (28) the ¢ dependence,
¢ being the phase of the reflection amplitude; moreover, we have used the continuous depen-
dence of r 5 and ¢, on the parameter 6, and hence the continuous dependence of P*” on 4, to
take the limit P’ P as §—0. Since the phase ¢ is not determined by the solution of Eqn. (31),
we can conclude that the values of the phase, —2k,A< ¢ <2n—2k,4, are equi-probable.
The solution to Eqn. (31) will be uniformly valid on the interval A—L/e*, ¢—0.

a. (33)

4. Mean power reflected and transmitted

First, let us determine what initial condition is associated with Eqn. (31). From physical

considerations, for r =0, no energy is reflected and so the appropriate initial condition is given
by

P(r,0)=6(r). (34)

By obtaining the solution P(r, t) associated with Eqns. (31)~(34), ie., the approximate

transition probability density function for small ¢, we can determine the complete statistical

characteristics or r, where r is defined in Eqn. (14). In particular, we shall be interested in the
mean power reflected defined by

1 ~
E{|R(4; p)|*} = E{r*} :j r2P(r,7)dr. (35)
) 0
The mean power transmitted can be obtained from the conservation of energy equation and
by the use of Eqn. (35), namely,
E{R@A; WP+ E{IT(Z; pl*} = 1.
Let us consider the following transformation of variables:
r=f@u)=tanhu, P(r,7)=g(u,1). (36)
It follows that

u:f“l(r):%ln(1ﬂ>, u

o 0. (37)

WV

Upon substitution of the above transformation into Eqns. (31) and (34) we arrive at the
equation

o6 1 0 [ aG]

o -2 =, 38

0t nlu) ou 1) Ju (38)
where we have set

G (u, ©) = sech*ug (u, 7) (39)
and

1(u) = cosh®u . (40)
It is apparent that the initial condition on G (u, t) should be

G (1, 0) = 6 () . (41)

The right-hand side of Eqn. (38) can be recognized as the Beltrami-Laplace operator. By
analogy to the formulation [15], we obtain the solution to Eqns. (38) and (41). Upon utilizing
this solution and Eqn. (39) we can write the expression for g(u, ) as

1 s ' 2
glu, ) = e "t fucoshdue ¥ 20. (42)
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By the use of Eqgns. (35), (36) and (42) we can now write an expression for the approximate
mean power reflected, namely,

E{r) = s " tanh?ug (. 7)df (u)

a0
= Afe*’r*ag u sinh u tanh ue ™ */*du . (43)
2(n*) 0
By the conservation relation we also obtain an approximate expression for the mean power
transmitted

E{*} = E{|T(4; w)}*}

! e
- _e"1
2(m) Lo
Let us now note the following two things: (i) P is an approximate density function, and as
such, it should satisfy { Pdr~1 for an appropriate domain of 7. Utilizing Eqns. (36) and (42)
in the normalization condition and performing the integration implies
X e‘ T L
g, 0)f (Wdu = —5 + erf 17,
!, (us T)f " () (wf
which clearly gives in the limiting case t— o0, [ gf du—1; (ii) the approximate density
function is in fact the exact density function relative to the measure m(u)=1In cosh u, so that,
§& g(u, 1) f ' (wydm(u)=1, for all 7 20.
In Fig. 1, we present a graph of Eqn. (43) which was obtained by numerical integration. In
addition, we compare this result with that of Papanicolaou [8] where we have set s=1k{o?
in Eqn. (3.8), and with the quasilinearization result [3], where

E{r*} =1—e "+ 0(&e’kio?e™ ¥ and we plot E{r?*}, ,=1—e"*.

px

u sinh u tanh ue ™ */**du . (44)

If we consider in Eqns. (15) y(4; u) to be a centered bounded real stochastic process with
covariance function E {y(4,)y(4,)} =I(]4;—4,]) and y(4; p) satisfying a strong mixing con-
dition, then the solution P(r, A) is given by Eqn. (3.10) of [8], where now r=(u—1)*(u+1)"%

1

Efr?} |

PFokker-Planck
g*

Papanicolaou 3= 52‘23-

Quagilinearization

L] —— . -
0 .1 2 3 Wy W5 W6 7 B8 9 1. 1 1.2

Figure 1. Approximatc mean power reflected as a function of T where =1 (¢*k2a?) /.
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